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1 Introduction 

As it is well known, the properties of quantum channels differ quite substan- 
tially for infinite and finite quantum systems. We consider a nontrivial class 
of infinite dimensional quantum channels, characterized by finiteness of the 
Holevo capacity (in what follows the x-capacity) . 

The results in ^2] imply some general properties of channels with finite 
X-capacity such as compactness of the output set and existence of the unique 
output optimal average state (theorem It is shown that each channel 
with finite %-capacity can be uniformly approximated by channels with finite 
dimensional output system, having close %-capacities and the output optimal 
average states (corollary [TJ. 

The class of channels with finite x-capacity contains subclass of channels 
with continuous output entropy, called CE-channels. These channels inherit 
some analytical properties of finite dimensional channels (proposition [TJ, re- 
vealing at the same time essential features of infinite dimensional channels 
(example^. So, we may consider the class of CE-channels as an intermediate 
one and use technical advantages of dealing with such channels to approach 
general infinite dimensional channels and systems. For example, the channel 
of this type was used in [3] in considering properties of infinite dimensional 
entanglement-breaking channels and of the set of separable states. 

In |3] the notion of an optimal measure (generalized ensemble) for con- 
strained infinite dimensional channels was introduced and the sufficient con- 
dition of its existence was obtained. In this paper we consider a special 
condition of existence of an optimal measure for unconstrained infinite di- 
mensional channels with finite ^-capacity (theorem EJ corollary |2l remark 
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and construct examples of channel with bounded output entropy, for which 
there exist no optimal measures (examples and |2J) . 

An interesting question is a problem of extension of a quantum channel 
from the set of all quantum states (=normal states) on 2$ (Ti.) to the set of all 
states (=positive normalized linear functionals) on Q3(7i), which is a compact 
set in the *-weak topology. By using a simple topological observation we 
obtain a condition of existence of an extension of a channel to nonnormal 
states (proposition |3J), which implies existence of such extension for arbitrary 
channel with finite x _ca P ac ity (corollary EJ). The entropic characteristics of 
a channel extension are considered as well as the condition of existence of an 
optimal measure (proposition^), which shows the meaning of the conditions 
in theorem |2] (remark |2J) . 

We complete this paper by considering the class of infinite dimensional 
channel, for which the x _ca P ac ity can be explicitly determined and there 
exists a simple condition of continuity of the output entropy (proposition 
EJ. The CE-channels of this class demonstrate essential infinite dimensional 
features such as nonexistence of an input optimal average state and of an 
optimal measure, discontinuity of the x _ca P ac hy as a function of a channel 
(example |2J) . 

2 Preliminaries 

Let Ti be a separable Hilbert space, *B(TC) - the Banach space of all bounded 
operators in Ti with the cone Q3 + (7^) of all positive operators, %(Ti) - the 
Banach space of all trace-class operators with the trace norm || • ||i and &(Ti) 
- the closed convex subset of %(7i) consisting of all density operators in Ti, 
which is complete separable metric space with the metric defined by the trace 
norm. Each density operator uniquely defines a normal state on 05 (Ti.) [2]. 
We will also consider the set &{Ti) of all normalized positive functionals on 
*B(Ti), which is a compact subset of (23(7Y))* in the *-weak topology. The 
set &(Ti) can be considered as a *-weak dense subset of &(Ti) [2]. Since the 
main attention in this paper is focused on &(H) rather then &{Ti) we will 
use the term state for elements of &{Ti) while the elements of &{Ti) \ &(Ti) 
will be called nonnormal states. 

Let Ti, Ti' be a pair of separable Hilbert spaces which we shall call corre- 
spondingly input and output space. A channel $ is a linear positive trace pre- 
serving map from %(Ti) to %(TL') such that the dual map $* : *8(W) ^ 23(H) 
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(which exists since $ is bounded is completely positive. 

For arbitrary set A let co(.4.) and co(^4) be the convex hull and the convex 
closure of the set A correspondingly and let Ext (A) be the set of all extreme 
points of the set A [E] 

We will use the following compactness criterion for subsets of states: a 
closed subset K, of states is compact if and only if for any e > there is a 
finite dimensional projector P such that TrpP > 1 — e for all p E JC 

Speaking about continuity of a particular function on some set of states 
we mean continuity of the restriction of this function to this set. 

Arbitrary finite collection {p«} of states in &(Tl) with corresponding set 
of probabilities {iii} is called ensemble and is denoted by {7ii,pi}. The state 
p = J2i ^iPi i s called the average state of the ensemble. Following jlj we treat 
an arbitrary Borel probability measure p on &(7~C) as generalized ensemble 
and the barycenter of the measure p defined by the Pettis integral 



Pi?) = J PP( d P) 

6(70 

as the average state of this ensemble. In this notations the conventional 
ensembles correspond to measures with finite support. For arbitrary closed 
subset A of &(H) we denote by V(A) the set of all probability measures 
supported by the set A jHj. In what follows an arbitrary ensemble {7^, p{\ 
is considered as a particular case of probability measure and is also denoted 
by p. 

Consider the functionals 

XM = J Hm P )\mp(p)))p(dp) and H„{p) = J H{<b{p))p{dp). 

In 0] (proposition 1 and the proof of the theorem) it is shown that both 
these functionals are lower semicontinuous on V(&(7i)) = V and 

X *{p) = H{<b{p{p))) - H„{p) (1) 

for arbitrary p such that H(&(p(p))) < +00. 
If p = {-KuPi} then 

n n 

X*{{n,Pi}) = ^7r i F($(p i )||$(p)) and £$({7^, Pi }) = J2 nH{${ Pi )). 

i=l i=l 
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In what follows we will use the decrease coefficient dc(cr) of a state a 
defined in [T2| by 



We will use the notion of the H -convergence of a sequence of states {p n } 
to a state po defined by the condition lim n ^ +00 H(p n \\p ) = 0. 

In [T2] the properties of the x-capacity as a function of a set of states were 
explored and the notion of the optimal average state Q(A) of a set A with 
finite X" ca P ac ity was introduced. The set of states A with finite x-capacity 
is called regular if one of the two following conditions hold: 

• H(fl(A)) is finite and lim n ^ +00 H(p n ) = H(Q(A)) for arbitrary se- 
quence {p n } of states in co(^4) .ff-converging to the state fl(A)] 

• the function p \— > H(p\\Q(A)) is continuous on the set A. 

In a sense these conditions are the minimal continuity requirements which 
guarantee the "good" properties of the x-capacity (see theorems 2 and 3 in 
[12J). The simplest sufficient condition of regularity of a set A is given by 
the inequality dc(Q(A)) < 1 (theorem 2E in but this condition is 

not necessary and there exist regular sets, consisting of states with infinite 
entropy. 

The all notations used in this paper coincide with the notations accepted 



in UJ. 

3 General properties 

Let $ : &(H) i— > be a channel with finite x-capacity defined by 



dc(o-) 



inf{A > | Tra A < +00} G [0, 1]. 



In [4J it is shown that 



C($) = sup X*({ni,Pi}) 



sup j2^ h (^)\Mp))- 



(2) 



C($) =supx$(p) =sup / H{<&{p)\\§{p{p))p{dp). 



(3) 



G(H) 



According to [12] a sequence of ensembles {{vr 4 " ', p"}} n such that 
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is called approximating sequence for the channel $ while any partial limit of 
the corresponding sequence of the average states {p n = Ylii^Pi} * s called 
input optimal average state for the channel $. 

By the compactness argument for a finite dimensional channel there exists 
at least one input optimal average state, coinciding with the average state 
of the optimal ensemble for this channel ^3]. For an infinite dimensional 
channel with finite x-capacity existence of an input optimal average state is 
a question depending on a channel (example |TJ) , which is closely related to 
the question of existence of an optimal measure for this channel (theorem EJ 
corollary EJ) . 

By the definitions the %-capacity of a channel $ coincides with the x~ 
capacity of the output set $((5(7^)) of this channel. Thus theorems 1 and 
2D in ^2] imply the following observation. 

Theorem 1. Let $ : &(7i) i— ► &(7i') be a channel with finite x-capacity. 

The set $(&(TC)) is a relatively compact subset of &(H'). 

There exists the unique state fi($) in &(T~C) such that 

iy($(p)||fi($))<C($), \/ P e&(H). 



The state fi($) lies in $((5(7Y)). For arbitrary approximating sequence 
of ensembles {{tt™, Pi 1 }}™ ^ e corresponding sequence {$(p n )}„ of images of 
their average states H -converges to the state fi($). 

If there exists an input optimal average state p* for the channel <3> then 
= fi($). 

The x-capacity of the channel $ can be defined by the expression 1 

= inf sup H(<S>(p)\\o-) = sup 

(jes(W') P& 6(H) pee(H) 



According to ^U] the state fi($) is called the output optimal average state 
for the channel $. 

Below we consider examples of channels with finite ^-capacity with no 
input optimal average state, for which the output optimal average states are 
explicitly determined and play important role in studying of these channels. 

1 By corollary 9 in ^2 the infinum in this expression can be over the subset of $(6(7i)) 
consisting of states invariant for all automorphism a of &(TL') such that a(^(6(H))) C 
*(S(W)). 
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For a finite dimensional channel $ the state is an image of the 

average state of any optimal ensemble for this channel, which implies 

G $(6(W)) and <?($) < 

For an infinite dimensional channel $ with finite x _ca P ac ity these relations 
do not hold in general (see example below). The first relation follows 
from existence of at least one input optimal average state for the channel $ 
while a sufficient condition of the second one can be expressed in terms of 
the spectrum of the state (see proposition^ below). 

The simplest examples of infinite dimensional channels with finite in- 
capacity are channels from an infinite dimensional quantum system into a fi- 
nite dimensional one. Following jTUj such channels will be called IF-channels. 
TheoremQJimplies, in particular, that each channel with finite x-capacity can 
be uniformly approximated by IF-channels. 

Corollary 1. The channel $ : &(TC) i— > &(TC') has finite x- ca P ac ^V 
if and only if there exists a sequence {$„ : &(TC) i— > &(TC' n ),TC' n C TC'} of 
IF-channels such that 

lim sup ||$„(p) -<&(/?) ||i = and sup(7(<I> n ) < +00. 

The sequence can be chosen in such a way that 

lim C($ n ) = C($) and lim fi($ n ) = 

n— >+oo n— >+oo 

Proof. If the above sequence exists then the x _ca P ac hy of the 

channel $ is finite due to lower semicontinuity of the x-capacity as a function 
of a channel |lUj . 

If the x- ca P ac ity of the channel $ is finite then by theorem Q the set 
$(&(?{)) is relatively compact. Let {P n } be a sequence of finite rank pro- 
jectors in TC' strongly converging to Iu 1 - The compactness criterion implies 
lim„^ +00 infp e e(w) Tr$(p)P n = 1. Hence the sequence of IF-channels 

$ n (p) = P„$(p)P„ + (Tr(/ W , - P n )$(p)) r n 

from 6(7i) into &(P n (TC') © where r n is a pure state in some finite 
dimensional subspace TC" of TC' P n (TC f ) , uniformly converges to the channel 
$. Since for each n the channel $ n can be represented as a composition of 
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the channel <3> and the channel p i— > P n pP n + (Tr(i^/ — P n )p) T n , the mono- 
tonicity property of the relative entropy implies C(<& n ) < C*($) for all n. 
This and lemma 4 in imply the limit expressions in the second part of 
the corollary. □ 

The above corollary shows that the class of channels with finite x-capacity 
is sufficiently close to the class of IF-channels. Nevertheless channels of this 
class demonstrate many features of essential infinite dimensional channels 
(see examples [T] and El below) . 

There exists a class of infinite dimensional channels with finite x-capacity 
which is the most close to the class of IF-channels. 

Definition 1. A channel $ : i— > is called CE-channel if the 

restriction of the quantum entropy to the set $(©(7f)) is continuous. 

The results in ^2] provide different sufficient conditions of the CE-property 
of a channel (see proposition |21 below). In particular, proposition 10 in 
implies that the class of CE-channels is closed under tensor products: If 
$ : 6(H) i-> &(H') and * : &(K) i-> ©(£') are CE-channels then the 
channel $ ® * : &(H <g> K) h-> 6(W <g> /C') a CE-channel. 

The x _ca P ac ity C , ($) of the channel $ can be defined as the least upper 
bound of the x-function of the channel $ defined by [I] 

XM= sup ^7r J i7($(p l )||$(p))= sup f H($(cx)\Mp)Mda), 

where is the set of all probability measures on & (7i) with the barycenter 
P- 

It was shown in [TT] that the convex closure of the output entropy is 
defined by 

H 9 (p) = inf / H{<b{p))p{dp) < +oo. 

/^{p} J 
6(H) 

In contrast to the x-f unc tion the infinum over all measures in V{ p } in the 
definition of the if- function does not coincide in general with the infinum 
over all measures in T{ p } with finite support [11J. 

The x-function and the if -function of an arbitrary channel are nonega- 
tive lower semicontinuous concave and convex functions correspondingly pi] . 
The following proposition shows, in particular, that the x _ f unc tion and the 
ii-function of a CE-channel have properties similar to the properties of these 
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functions of a finite dimensional channel. 

Proposition 1. Let $ be channel with finite x-capacity. Then 

XM < C(^) - Vp E 6(H). 

//$ is a CE-channel then the functions x<s> a nd are continuous on & {TC). 
Moreover 

X*(p)=H($(j>))-H*(p) and H*(j>) = inf 

Proof. The inequality for the x-function follows from corollary 1 in PU| ■ 
The continuity assertion and the representations for the x-function and the 
if -function are corollaries of proposition 7 and proposition 5 in |llj.D 

The following proposition shows the special role of the output optimal 
average state. 

Proposition 2. Let $ be a channel with finite x-capacity. 
I/dc(Q($)) < 1 then sup pe6 (H) H ($(p)) < +oo and < H(£l($)). 
J/dc(n($)) = then $ is a CE-channel. 

Proof. Suppose dc(fi($)) < 1. By theorem 2E in the entropy is 
bounded on the set $((5(7^)). By theorem 1 for arbitrary approximating 
sequence of ensembles {{7r",p"}} n the corresponding sequence {$(p n )} n of 
images of their average states if-converges to the state By proposition 

2 in [12] the condition dc(fi($)) < 1 implies 

<?($) = lim x«(K,/^})< I™ Hmp n )) = H(nm. 

n~ >+oo n— >+oo 

Suppose dc(0($)) = 0. By theorem 2E in |T2] the entropy is continuous 
on the set $(6(W)). □ 

The assertions of the above proposition are illustrated by the below ex- 
ample ^ in which the family of channels with different decrease coefficient 
of the output optimal average state is considered. 

According to [I] a measure //* in V(Ext&(H)), at which the supremum 
in definition Q is achieved, is called optimal measure (optimal generalized 
ensemble) for the channel $. 

The notion of an optimal measure is a generalization of the notion of an 
optimal ensemble for a finite dimensional channel. In ^Hj it is shown that 
each optimal ensemble is characterized by the maximal distance property. 
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The first part of the following theorem generalizes this observation to the 
case of infinite dimensional channel. 

Theorem 2. Let $ : &(7i) i— > &(7i') be a channel with finite \-capacity. 

If there exists an optimal measure p* for the channel $ then its barycenter 
p(p*) is an input optimal average state for the channel $ and the following 
"maximal distance property" holds 

= for p* - almost all p in &(H). 

If there exists an input optimal average state p* for the channel $ and 
the set $((5(7Y)) is regular then there exists an optimal measure p* for the 
channel $ such that p(p*) = p*. 

Proof. Since every probability measure can be weakly approximated 
by a sequence of measures with finite support lower semicontinuity of the 
functional x<s> implies that the barycenter p(p*) of any optimal measure p* 
for the channel $ is an input optimal average state for the channel $. The 
maximal distance property follows from the definition of an optimal measure 
and theorem 1. 

Suppose the set $(©(7Y)) is regular and {p n = {7rf, p"}} n is an approxi- 
mating sequence of ensembles for the channel $ such that the corresponding 
sequence {p(pn)} n converges to the state p*. By convexity and lower semi- 
continuity of the relative entropy we may assume that each ensemble in this 
sequence consists of pure states. Since the sequence {p(p n )}n is relatively 
compact the sequence {p n } n is relatively weakly compact by proposition 2 
in |3] and hence it contains weakly converging subsequence. So, we may as- 
sume that the sequence {p„}„ weakly converges to a particular measure p* 
supported by pure states due to theorem 6.1 in [T3j . 

For given n let v n = p„ o be the image of the measure p n under 
the mapping $, so that v n = {ir™, $(p")}. It is easy to see that {z/„} n is 
an approximating sequence of ensembles for the set $((5(7Y)). Since this set 
is regular by the condition the arguments from the proof of theorem 3 and 
lemma 5 in [12J imply existence of a subsequence {^n fe }fc weakly converging 
to an optimal measure for the set $((5(7i)). But p nfc — ► p* in the weak 
topology implies p nfc o — » p* o in the weak topology. So, we obtain 
p* o = z/*. Thus p* is an optimal measure for the channel $. □ 

Theorem |21 and theorem 2E in ^2] imply the following sufficient condition 
of existence of an optimal measure. 

Corollary 2. Existence of an input optimal average state for the channel 
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$ implies existence of an optimal measure for the channel $ provided one of 
the following conditions holds: 

• dc(fi($)) < 1; 

• the channel $ is a CE-channel. 

Remark 1. The conditions in theorem |2 and in corollary |21 are essential 
as it is shown by the examples of channels with finite x _ca pacity for which 
there exist no optimal measures (examples and EJ) . The meaning of these 
conditions are considered in remark |21 below. □ 

The above general observations are illustrated by the following family of 
channels, depending on a sequence of positive numbers. 

Example 1. Let {|n)} nS Nu{o} be an orthonormal basis in 7i' and {q n }nen 
be a sequence of numbers in (0, 1], converging to zero. Consider the set S^ q y 
consisting of pure states 

a k = (1 - g |Jfe |)|0><0| + q\ k \\\k\)(\k\\ + sign(fc)^/(l - q\ k \)q\k\(\0)(\k\\ + \\k\)(0\), 

indexed by the set Z\ {0}. This set can be considered as a sequence of states 
converging to the state |0)(0| and its properties were explored in subsection 
5.1 in P2J. 

Consider the channel 

$ {gn}(p) = ^2(k\p\k)a k , 

k 

where {\k)}kez\{o} De an orthonormal basis in 7i. 

This channel is entanglement-breaking and Q{ qn y(&(H)) = co(<S} ? i) 
is a compact subset of &(TC'). Since the states in the sequence Shy are 
pure C(${ qn y) = sup pe6 ( W ) if(${ g?i }(p)). Let A| i be the infinum of the set 

I A : J2 n ex P ( — < +°°} ^ ^ * s n °t em Pty and ^ qn y = +oo otherwise. 
Let 

'ww-g(i-0- p (-i) 

be a decreasing function on [ALi, +00) with the range (0, +00]. 
We will show that: 
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A) If \* {qn} = then 

• is a CE-channel; 

• there exist the unique optimal measure and the unique input optimal 
average state for the channel ${q n },' 

. n(<& {to} ) g $ {qn} (e(H)), 

dc(Q(<t> {? „ } )) = and C($ {qn} ) = H(Q^ {qn} )); 

B ) J /° < A k> < + 00 and F ^}( A k}) ^ 1 then 

• (7(${ ?ri }) < +oo 7 but ${ gn } «s not a CE-channel; 

• i/iere ea;ist the unique optimal measure and the unique input optimal 
average state for the channel ${q n },' 

. fi(<t> {<2n} ) G $ {qn} (&(H)), 

< dc(fi($ {9n} )) < 1 2 and C($ {qn} ) = H(Q^ {qn} )); 

C) IfO< X* {qn} < +oo and F {(?n} (A^ } ) < 1 toen 

• C'(${ (?n }) < +oo ; £m£ ${ 9n } is not a CE-channel; 

• there exist no optimal measure and no input optimal average state 
for the channel ${q n \; 

. n($ {qn} ) e $ {qn} (e(H))\$ {qn} (e(H)), 

dc(fi($ {fc} )) = 1 and > H(Q(^ {qn} )); 

D ) J / A L} = +0 ° t/ien = +°°- 

In the cases A and B the x-capacity, the unique optimal measure, the 
unique input and output optimal average states are defined by the following 
expressions (correspondingly): 

^(^})= A L}-log^ } , ^ = /^iexp( r -^);|fc>(fc|l 

V mJ Jfe«\{0} 

p{p*) = E ^expf-^i )\k)(k\, 

2 In this case dc(fi(<I>{g n })) = 1 if and only if F{q n }(^\ qn }) = 1- 
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+oo / A 1 \ 

n = ^V}l°)(°l + < n >E ex P l">H 

n=l V gn / 

where AL-j. i/ie unique solution of the equation F{ qn }(\) = 1 and 



1 + E «p V = (E t «p V 6 [°> u ■ 



, « Qn II \ i \ Qn 

n=l \ / / \n=l v 



In i/ie case C the x- ca P ac ^V an d the output optimal average state are 
defined by the following expressions (correspondingly): 



C{® {qn }) =AL } -logvrL } , 



-t-cxj / 

n (*{*>) = ^{V}lo)(oi + 4m E 6X p -^f 1 

n=l x 

At x ' 



|rz)(n| 



7T 



{ijn} 



-too /A \ \ 

n=l v <?« / / 



If A| t = +oo then C(${ ?n }) = C(S} \) = +oo by the observation 



in 



subsection 5.1 in [T2j . 

Suppose A| 9?i | < +oo. Without loss of generality we may assume that 
the sequence {q n } is nonincreasing. Let 



+oo 



H = 0\0)(0\ + J2 ( ln l \n)(n\ (4) 



n=l 



be a ^-operator in TC' so that ic(if) = At i (see section 3 in [T^J ) . It 
is easy to see that <SL \ ^ and hence proposition lb in [T2] implies 

C(<S> {q „ } ) = C(Sl Sn} ) < C(IC HA ) = su VpeKHl H(p) < +oo. We will show 
that C(«S/ ? t) = C(K.h,i)- In the proof of proposition la in [T2| the sequence 
{p n } of states defined by formula (9) was constructed and it was shown that 
lim n ^ +00 H (p n ) = sup„ ejCj?l H(p). For the ^-operator if defined by (HJ) the 
states of the above sequence have the form 



Pn 
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for sufficiently large neN, where A n is the unique solution of the equation 

1 + E ex p (~) = E 7 ex p (~) • ( 6 ) 

The sequence of states defined by (jHJ) lies in co(<SLt). Indeed, for given 
n let 



7T, 



E — exp J-expf-M, fcGZ\{0}, 



be a probability distribution. By using equality © with A = A n it is easy to 
see that n^au = p n and hence p n G co(S} q x). This, proposition lb and 
theorem 2C in |T2j imply 



C($ {qn} ) = C(S\ qn} ) = C(JC Htl ) = A* - logvr* (7) 

and 

+°° / \*\ 

n^ {qn} ) = n(Sl qn} ) = Sl(K BA ) = 7r*|0><0| + 7T*5>xp \n){n\, (8) 

n=l V qnJ 

+oo / A*\ 

where n* = 1 + \ exp I I and A* is the unique solution of the equation 

\ In) 



n=l 

+ 00 / . \ +oo 



l + ]Texp(-A) =^lexp(-A) ( 9 ) 

if 



k=i - qk <> k=i qk \ qk 



hoc 



— exp 

K{H) ~ Trexp(-ic(tf)if) " g / A* : " k ~ 1 



-t-oo / A* \ 



and A* = \% q i otherwise. It is easy to see that Q is equivalent to the 
equation F{ qn y(X) = 1 while (fTUjl means the inequality F{q n }{K q \) > 1- 

The assertion concerning existence of the unique optimal measure fi* for 
the channel &{ qn } in the cases A and B and the expression for this measure 
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follows from the observation in subsection 5.1 in ^2] (with e = 1). The 
barycenter of the measure //* is the unique input optimal average state for 
the channel ${ gn }- Uniqueness of the input optimal average state follows 
from uniqueness of the optimal measure, since proposition lb in 12j and © 
imply regularity of the set ${ gn }((3(7i)) C Kh,i in the cases A and B and 
hence theorem 2 shows that each input optimal average state is a barycenter 
of at least one optimal measure. 

In the cases A and B the state f2(${q n }) is an image of the barycenter of 
the optimal measure and hence it lies in $((3(7^)). To prove nonexistence 
of an input optimal average state for the channel in the case C it is 

sufficient to show that in this case the state Q(Q{ qn j) does not lie in $(©(7Y)). 

The set $(@(7Y)) is a cr-convex hull of the set Shy = {o"A:}fcez\{o}> so 
that the assumption f2(${ 9n }) G $((3(7i)) implies existence of a probability 
distribution {n k } kGZ \ {0} such that fi(${<?n}) = J2kez\{o} By using the 

expression for the state Q(§{ qn }) in the case C we obtain from this decom- 
position that 



and hence 




But this equality means that the equality holds in inequality (16) in [T2] 
for the ^-operator H defined by (J3J). By the observation in ^2] equality in 
inequality (16) means inequality h^H) > h = 1 equivalent to the inequality 
F{q n }(^{q n }) — 1) which contradicts to the definition of the case C. 

If AL \ = ic(H) = then the above observation implies dc(f2(${q n }) = 
and by proposition [2] ${ gn } is a CE-channel. 

Suppose the entropy is continuous on the set co(S^ Qn y). Consider the 
sequence of states 

tn \ n 

1 - ^<?fc7Tfc J |0)(0| + y^ j qk^k\k){k\, 
k=i / k=i 
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where {n k = q^ (X)£ =1 ) _1 }&=i is a probability distribution. It is easy to 
see that this sequence lies in co(<SL i) and converges to the pure state |0)(0|. 
By the continuity assumption lim n ^ +00 H(p n ) = 0, which implies 

lim n(g fe 7r fe (-log(g fc 7r fc ))) = lim nf V" g fc M = 0, (11) 

n— >+oo n—*+co \ ' ' I 

\k=l J 

where f[x) = logx/x. Since the function f(x) is decreasing for large x the 
obvious inequality J2k=i Qk 1 — nc Ln 1 an d (EH imply lim n ^ +00 z/ n = 0, where 
v n — nJXnq" 1 ) = q n logt^ng" 1 ). Hence for arbitrary A > we have 




which implies K qn \ = 0. □ 

The most interesting case of the above example is the case C, in which 
the channel &{ qn } demonstrates essential infinite dimensional features. The 
example of a sequence {q n } corresponding to this case can be found in [T2] . 

Example Q can be generalized by considering the set S^ q y with arbitrary 
e in [0, 1] instead of Sj [12] . 



4 On extension to nonnormal states 

Let &(Tt) be the set of all normalized positive functionals on 93 (7i), so that 
C (Q3(7Y))*. It is known that 6(7i) is compact in the *-weak topology 
and that &(H) can be considered as a *-weak dense subset of &(H) j2J. So, it 
is natural to explore a possibility to extend an arbitrary channel from 
to G(7i). The following proposition provides a simple characterization of the 
class of channels, which has natural extension to &{7i). 

Proposition 3. 3 A channel $ : &(Ti.) i— > &(7i') can be extended to the 
mapping $ : &(TC) i— > &(TC') continuous with respect to the *-weak topology 
on the set &(H) and the trace norm topology on the set if and only if 

the set $((5(7i)) is relatively compact. 

If the above extension $ exists then $((5(7i)) = $((5(7i)). 

3 This simple observation seems to be a corollary of a general result in the functional 
analysis. The author would be grateful for any references. 
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Proof. If $ is the above extension of the channel $ then $((5 (ft)) is 
compact as an image of a compact set under a continuous mapping. Since 
6 (ft) is a *-weak dense subs et of 6 (ft) we have $(6(ft)) = 6 (6 (ft)). 

Suppose the set $(6 (ft)) is compact. Since *B(ft)* = X(ft)** there exists 
the linear mapping $** : 03 (ft)* i— ► 55 (ft')* continuous with respect to the 
*-weak topologies on the both spaces and such that $**|e(w) = By using 
the compactness argument and *-weak density of the set ©(ft) in ©(ft) it is 
easy to show that $**((5(ft)) C $((5 (ft)). Since each one-to-one continuous 
mapping from compact topological space onto Hausdorff topological space 
is a hemeomorphism [7j we can conclude that the identity mapping from 
$(6 (ft)) with the trace norm topology onto itself with the *-weak topology 
has a continuous converse. This and the previous observation imply that $** 
is continuous with respect to the *-weak topology on ©(ft) and the trace 
norm topology on & (ft'). So, the mapping <&**\%r n \ has all the properties of 

the extension $, stated in the proposition. □ 

Definition 2. For an arbitrary channel $ with relatively compact output 
the mapping $ introduced in proposition^ is called its channel extension. 

Proposition |3] and theorem ^ imply the following observation. 

Corollary 3. If $ is a channel with finite x- ca P ac ^y then it has the 
channel extension $. 

By this corollary for given channel $ with finite x-capacity it is possible 
to consider the entropic characteristics of its channel extension $ such as the 
minimal output entropy H min (§) = inf^g^ ft($(p)) and the x-capacity 

C($) = sup X>^(A)ll*(£i^Pi)). (12) 

where the supremum is over all finite ensembles {^i, f>i} of states in 6 (ft). 
By proposition |3] and theorem 2B in ^2] we have 

C($) = C($(6(ft))) = C($(6(ft))) = C($). (13) 

This means that one can not increase the x-capacity by using nonnormal 
states. 

In the same way as for the initial channel $ we may define the notions 
of an approximating sequence of ensembles and of an input optimal average 
state for the channel extension $. In contrast to the case of the initial 
channel $ compactness of the set ©(ft) guarantees existence of at least one 
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input optimal average state for the channel extension $. By using lower 
semi continuity of the relative entropy and (|13|) it is possible to show that 
each normal input optimal average state for the channel extension $ is an 
input optimal average state for the initial channel $ and vice versa. For 
the channel extension $ it is possible to prove the analog of theorem ^ in 
particular, to show that the image of any input optimal average state for the 
channel extension $ coincides with the output optimal average state 

In contrast to the x-capacity the minimal output entropies for the channel 
$ and for its extension $ may be different as it follows from the below simple 
example. Let {p n }n=i be a sequence of states in <&{7i') with infinite entropy, 
converging to pure state p an d such that (7({p n }^) < +00. Consider the 
channel $(p) = Y2n=i( n \p\ n ) Pni where {\n)} is some orthonormal basis of 
7i. Since an arbitrary state in <3>((5(7i)) majorizes at least one trace class 
operator with infinite entropy it has infinite entropy as well [T^j. So we have 
H m m (<fr) = +00. But by proposition El we have $(6(7Y)) = o6({p n }n=i) an d 
hence there exists a state po in &(H) such that $(po) = Pa- This implies 

Let V be the set of all regular Borel measures on the set &(TC) endowed 
with the *-weak topology. In contrast to the set V the set V is not metrizable 
but it is compact in the weak topology [Tj. 

In the same way 4 as in [3] it is possible to show that 

C($) = sup f F($(p)||$(p(7r)))7r(dp) 

6(H) 

where the supremum is over all probability measures on &(Tl) and p(jt) is a 
barycenter of the measure it. The measure 7r* at which the above supremum 
is achieved (if it exists) is called optimal for the channel extension $. 

By using lower semicontinuity of the relative entropy, equality (JT5j) and 
theorem n it is possible to prove that any optimal measure n for the channel 
extension $ has the generalized maximal distance property: 

H($(p)\\Q(<S>)) = C(3) for 7r„-almost all p in &(H). 

The only difference in the argumentation is a necessity to use proposition 1.2.3 in pQ 
instead of lemma 1 in 0] since the set &(H) is not complete separable metric space, but 
it is compact. 
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The following proposition shows, in particular, that the condition of ex- 
istence of an optimal measure for the channel extension $ is substantially 
weaker than the condition of existence of an optimal measure for the initial 
channel $. 

Proposition 4. Let $ : &(7i) i— > &(H') be a channel with finite %' 
capacity and $ : &(H) &(TC') be its channel extension. 
The following properties are equivalent: 

• there exists an optimal measure for the set $((5(7i))/ 

• there exists an optimal measure for the channel extension $. 

The above equivalent properties hold if the set $((5(7i) contains regular 
subset with the same x~ capacity. 

Proof. If /t* is an optimal measure for the channel extension $ then its 
image /t* o $ _1 corresponding to the mapping $ is an optimal measure for 
the set $(6(W)). 

Let be an optimal measure for the set $((5(7i)) and let \y n = {7r™, p"}} n 
be a sequence of measures in V(Q(&(l~i))) with finite support weakly con- 
verging to the measure v*. Since $((5(7^)) = $((5(7Y)) for each n and 
i there exists a state p™ in &{7i) such that = p™. The sequence 

{fi n = {^i,Pi}} n of measures in the weakly compact set V(&{H)) has a 
weak limit point /t*. Since the mapping $ is continuous with respect to the 
*-weak topology on &(H) and the trace norm topology on &{7i') the image 
/t* o (J)^ 1 of the weak limit point /t* of the set {fi n }n is a weak limit point 
of the set \y n = fi n o $ _1 } n , so that /a* o = zv Thus £i* is an optimal 
measure for the channel extension $. 

The last assertion of the proposition follows from the previous one and 
theorem 3 in [T2].D 

Remark 2. It is clear that each optimal measure for the channel $ 
is an optimal measure for the channel extension $. Proposition shows 
the meaning of the conditions of existence of an optimal measure for the 
channel $ in theorem |21 Namely, the regularity condition implies that the 
set of optimal measures for the channel extension $ is not empty while the 
condition of existence of an input optimal average state for the channel $ 
implies that this set contains at least one optimal measure for the channel 
$. This observation is illustrated by the example in the next section. 
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5 On a class of channels with finite %-capacity 



In this section we consider nontrivial class of entanglement-breaking channels 
generalizing the example considered in [Sj. For channels of this class the x~ 
capacity and the minimal output entropy can be explicitly calculated. There 
also exists simple necessary and sufficient of continuity of the output entropy 
for these channels. 

Let G be a compact group, {V g } be unitary representation of G on TV, 
M(dg) be a positive operator-valued measure (POVM) on G, such that the 
set of probability measures {TrpM(-)} peS (W) is weakly dense in the set of all 
probability measures on G. 

For arbitrary state a in &{TV) consider the channel 

$M = [ V g aV g *TrpM(dg). 
Jg 

Let to(G, V g , a) = f G V g aV* pn{dg), where pu is the Haar measure on G. 
It follows from the assumption of weak density of the set {TrpM(-)} peS ( W ) in 

the set of all Borel probability measures on G that $ a (&(H)) = co{V g aV*} ge a. 
Thus proposition 12 in [12] implies the following observation. 
Proposition 5. The x-capadty °f the channel $ CT is equal to 

C(<S> a ) = H(a\\u(G,V g ,a)). 

If this capacity is finite then f2(<& CT ) = uj{G, V g , a) and H min ($ .) = H(a). 

The channel $ CT is a CE-channel if and only if H(u(G, V g , a)) < +oo. In 
this case C($ a ) = H{u(G,V g ,a)) - H(a) = - H min (<S> a ). 

Since the set $ a (&(TC)) = co{V g aV*} ge G is compact for arbitrary o 
proposition implies existence of the extension Q a of the channel to 
the set &(H) such that $ a (&(H)) = $ a (&(H)) = co{V g aV*} geG . 

Proposition H] and proposition 12 in ^21 show existence of an optimal 
measure for the channel extension Q a provided C($ a ) = C(& a ) < +oo. The 
support of any optimal measure for the channel extension $ CT consists of 
states p in &(H) such that $ a (p) = V g aV* for some g G G. As it is shown 
by the following example we can not assert existence of an optimal measure 
for the channel $ CT even in the case when <3> CT is a CE-channel. 

Example 2. Consider the case G — T, which can be identified with 
[0,27r). In this case the Haar measure pu is the normalized Lebesgue mea- 
sure Let V g is the group of shifts in TV = /^(T) and M(dg) is the 
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spectral measure of the operator of multiplication by an independent vari- 
able in H = £2(T). It is easy to see that the above density assumption 
is valid in this case and hence all the above results hold for the corre- 
sponding channel $ CT with arbitrary a G (3(£ 2 (T))- Suppose o = \ip)((p\, 
where (p be an arbitrary function in /^(T) with unit norm. This implies 
uj(T,V g , I I) = (27r) _1 / 27r \ip x ){<p x \dx, where ip x {t) = ip(t-x). This chan- 
nel was originally used in j3] as an example of entanglement-breaking channel 
which has no canonical representation with purely atomic POVM and hence 
has no Kraus representation with operators of rank 1. Here we will use 
this channel as an example of CE-channel, which demonstrates the essential 
features of infinite-dimensional channels. 

By using proposition and direct calculation it is easy to obtain (cf.|5.) 
that 

+00 

C ($|v>)<¥>|) = H(u(T, V g , \<p)((p\)) — - Irfloglrf, (14) 

k=— 00 

where {cpk = (27r) _1 J Q 27r e~ lxk (p(x)dx}kez is the sequence of the Fourier coeffi- 
cients of the function ip, and that finiteness of C(Q>\ V )( V \) implies CE-property 
of the channel $\<p)(<p\ and 

n {®\<p)(<p\) = u) (' s: > v g>\ ( p)( ( p\) = \(Pk\ 2 \n)(n\, 

k=— oo 

where {Tk(x) = exp(ifcr)}fc e z is the trigonometric basis in £ 2 (T). It is inter- 
esting to note that the properties of the channel ^Vx^i are determined by 
the rate of vanishing of the Fourier coefficients of the function (p. 

Suppose series (JT3J) is finite for a function <p and hence &\ v ){ v \ is a CE- 
channel. By proposition El H min ($| ¥ ,)( ¥ ,|) = in spite of the fact that the 
set $1^)^1(6(7^)) does not contain pure states. The set {\ l p x ){fx\}xeT of 
pure states in ^i^v^i (&(TC)) is contained in the output set of the channel 
extension $\tp){<p\ and corresponds to a particular subset of nonnormal states 
in &(H). By proposition [T] the functions , and .. . are bounded 

and continuous on &(7i). Nevertheless there exists no optimal measure and 
hence there exists no input optimal average state for the channel ^Vx^i 
(since otherwise corollary 121 implies existence of an optimal measure). The 
continuous functions .. . and .. . do not achieve their finite supremum 
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C(<&| v )(<p|) and infinum -ffmin(3V)(ip|) = correspondingly on noncompact set 



The family of channels {$| ¥3 ){ ¥3 |} v e£ 2 (T) provides an another example show- 
ing that in the infinite dimensional case the x-capacity is not continuous but 
only lower semicontinuous function of a channel [TU] . 

It is easy to see that for arbitrary unit vector \(p t ) in /^(T) and for 
arbitrary sequence {|<£Vt)} of unit vectors in /^(T) converging to the vector 
|</?*) the sequence sup pge(w) \\$\<p n ){<p n \(p) - $\<p*){<p*\(p)\\i tends to zero. It 
means that ip h- > &\ v )( v \ is a continuous mapping from /^(T) into the set of 
all channels endowed with the topology of uniform convergence. 

Let {(p n } be the sequence of function in /^(T) with the following Fourier 
coefficients 



where {q n } is a sequence of numbers in (0, 1) such that \im n ^ +00 q n \ogn = 
C > 0. It is easy to see that the sequence {ip n } converges in /^(T) to 
the function (p*(x) = 1. The above observation implies that the sequence 
{®\tp n ){<pn\} °f channels uniformly converges to the channel for which 

(¥>,]G°) = Iv 9 *)^*! f° r all P in ©(W) and hence C'($| (/ ,,)( (/ ,,|) = 0. But by 
(114}) we have 

C (3v n >< Vn |) = -g„logg n - (1 - q n ) log(l - g n ) + g„logn, e N, 

and hence lim n _ ++oc C' (^i^)^]) = C > 0. 
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